Abstract. We prove that an invariant subalgebra A W n of the Weyl algebra An is a Galois order over an adequate commutative subalgebra Γ when W is a two-parameters irreducible unitary reflection group G(m, 1, n), m ≥ 1, n ≥ 1, including the Weyl group of type Bn, or alternating group An, or the product of n copies of a cyclic group of fixed finite order. Earlier this was established for the symmetric group in [14] . In each of the cases above we show that A W n is free as a right (left) Γ-module. Similar results are established for the algebra of W -invariant differential operators on the n-dimensional torus where W is a symmetric group Sn or orthoginal group of type Bn or Dn. As an application of our technique we prove the quantum Gelfand-Kirillov conjecture for Uq(sl 2 ), the first Witten deformation and the Woronowicz deformation.
Introduction
Throughout the paper k will denote an algebraically closed field of zero characteristic. All considered rings are algebras over k.
The theory of Galois rings and orders developed in [12] , [13] had a strong impact on the representation theory of various classes of algebras, first of all the universal enveloping algebra of gl n [19], restricted Yangians of type A and, more general, finite W -algebras of type A [11] , [10] . Another class of examples of Galois are Generalized Weyl algebras of rank 1 ([5]) over integral domains with infinite order automorphisms, which include in particular such algebras as the n-th Weyl algebra A n , the quantum plane, the q-deformed Heisenberg algebra, quantized Weyl algebras, U (sl 2 ) and its quantization, and the Witten-Woronowicz algebra. The main motivation for the development of this theory was a study of representations of infinite dimensional associative algebras via representations of its commutative subalgebras, general framework was established in [6] .
One of the important consequences of the Galois order structure is a finiteness and nontriviality of lifting of maximal ideals of the commutative subalgebra. Namely, if U is a Galois order over a commutative subalgebra Γ then for any maximal ideal m of Γ there exists finitely many left maximal ideals of U containing m (and hence finitely many isomorphism classes of irreducible U -modules with nonzero annihilator of m), see [13] . This allows to parametrize (up to some finiteness) irreducible U -modules with Γ-torsion by maximal ideals of Γ.
In the case of gl n further developments led to recent breakthrough results in its representation theory (see [7] , [15] , [9] and references therein).
In Section 2 we recall basic facts about Galois orders and establish important properties of invariant subalgebras of Galois orders. In Section 3 we discuss the Generalized Weyl algebras. Theorem 5 here gives necessary and sufficient conditions under which the Generalized Weyl algebra D(a, σ) is a Galois order over D. As a consequence we prove the Quantum Gelfand-Kirillov Conjecture for U q (sl 2 ) (Corollary 1), for the first Witten deformation (Corollary 3 and for the Woronowicz deformation (Corollary 2).
Finally, in Section 4 we study invariant subalgebras of differential operators. It was shown in [13] that Γ is a Harish-Chandra subalgebra of A n (k)
Sn and A n (k)
Sn is a Galois order over Γ. Our first main result is the extension of this result for two-parameters irreducible unitary reflection groups G(m, 1, n), m ≥ 1, n ≥ 1, including the Weyl group of type B n , alternating groups A n and products of cyclic groups G ⊗n m (see Theorem 7, Collorary 5, Proposition 9):
As a consequence we obtain that for all these groups W the invariant subalgebras of Weyl algebras are free as right (left) modules over k[t 1 , . . . , t n ] W (Corollary 4, Collorary 5, Proposition 9, Theorem 7). This was conjectured in type A in [14] .
Hence, our second main result is
Theorem 1 implies the important property of lifting of each maximal ideal m of Γ to finitely many left maximal ideals of A W n containing m [13] for all groups W listed in Theorem 2. Moreover, we show the lifting of maximal ideals for A n (k)
LetÃ n (C) be the localization of A n by the multiplicative set generated by {x i |i = 1, . . . , n}.
We have our third main result
Then U is a Galois order over a Harish-Chandra subalgebra Γ = C[t 1 , . . . , t n ] W . Moreover, U is free as a right (left) Γ-module.
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Galois orders
All rings and fields considered will be algebras over a base field which is algebraically closed o characteristic 0.
Let R be a ring, M ⊂ Aut C (R) a monoid and R * M the corresponding skew monoid ring. If G is a finite group acting on M by conjugation then we have an action of G on R * M as follows: g(rm) = g(r)g(m), g ∈ G, r ∈ R, m ∈ M. We denote the ring of invariants by the action of G by (R * M)
G . Any element x ∈ R * M can be written in the form x = m∈M x m m. We define supp x as the set of m ∈ M such as x m = 0.
Let L be a finite Galois extension of a field K with the Definition. Let Γ be a commutative domain, K is the field of fractions of Γ. A finitely generated
G . We have the following characterization of Galois rings. S is a left and right Ore set, and the localization of U by S both on the left and on the right is isomorphic to K.
An important class of Galois rings is given by Galois orders.
Definition. A Galois ring over Γ is called a right (left) Galois order over Γ if for every right (left) finite dimensional K-vector subspace W ⊂ K, W ∩ Γ is a finitely generated right (left) Γ-module. If U is both left and right Galois order over Γ, then we say that U is a Galois order over Γ. We will often use the following non-commutative extension of the Hilbert-Noether's Theorem:
Theorem 4. [18] Let U be a finitely generated left and right Noetherian k-algebra. If G is a finite group of automorphisms of U then U G is a finitely generated kalgebra.
The following useful properties of Galois orders were established in [12] .
Proposition 2. Let Γ be a commutative Noetherian domain with the field of fractions K. If U is a Galois ring over Γ and U is a left (right) projective Γ-module, then U is a left (right) Galois order over Γ.
A concept of the Harish-Chandra subalgebra was introduced in [6] . Definition. Let U be an associative algebra and Γ a commutative subalgebra of U . We say that Γ is a Harish-Chandra subalgebra if for every u ∈ U ΓuΓ is finitely generated left and right Γ-module.
The property of Γ to be a Harish-Chandra subalgebra is essential for the theory of Galois orders. Indeed, as it was shown in [12] , if U is a Galois order over a commutative Noetherian domain Γ then Γ is a Harish-Chandra subalgebra of U . This property of Γ guarantees an effective representation theory of Galois orders over Γ (cf. [13] ).
We will always assume that Γ is a commutative domain and a k-algebra. The following is our key lemma. Lemma 1. Let Γ be a Noetherian k-algebra, U ⊂ K a Galois order over Γ. If H is a finite group of automorphisms of U such that H(Γ) ⊂ Γ, and U H is a Galois ring over Γ H in an adequate invariant skew monoid ring K * ⊂ K, then U H is in fact a Galois order over Γ H .
Proof. Let K = Frac Γ be the field of fractions of Γ. Consider a finite dimensional vector K-subspace W in K. Since U is a Galois order over Γ we have that W ∩ U is a finitely generated right (left) Γ-module. On the other hand, Γ H is a Noetherian algebra and Γ is a finitely generated Γ H -module by the Hilbert-Noether Theorem.
So W ∩ U is finitely generated right (left) Γ H -module. Now, let Y be a finite dimensional vector space over
H is finitely generated right (left) Γ H -module and, hence, U H is a Galois order over Γ H .
We also have Lemma 2. Let U be an associative algebra and Γ ⊂ U a Noetherian commutative subalgebra. Let H be a finite group of automorphisms of U such that
Proof. It is clear that U must be a projective right (left) Γ H -module. The canonical embedding of Γ H -modules U H → U splits, with inverse
direct summand of a projective Γ H -module, and, therefore, projective itself.
Weyl algebras. Let
. . , ∂ n be the n-th Weyl algebra over the field k, where
n be the free abelian group generated by σ 1 , . . . , σ n .
It is well known that k[t 1 , . . . , t n ] is a maximal commutative algebra of A n , and A n is a free right (left) module over k[t 1 , . . . , t n ].
We have a natural embedding A n → k[t 1 , . . . , t n ] * Z n , where
and A n is a Galois order over Γ in k(t 1 , . . . , t n ) * Z n [12] .
Generalized Weyl algebras
Let D be a ring, σ = (σ 1 , . . . , σ n ) an n-tuple of commuting automorphisms of D:
. . , n subject to the relations:
We have the following useful observation Proposition 3. The tensor product over k of two Generalized Weyl algebras
is again a Generalized Weyl algebra, where * is concatenation.
We will assume that D is a Noetherian domain which is finitely generated kalgebra. In this case the D(a, σ) is also a Noetherian domain. Consider the skew group ring D * Z n , where the free abelian group Z n has a basis e 1 , . . . , e n and its action on D is defined as follows: ye i acts as σ It was shown in [12] , Proposition 7.1 that the Generalized Weyl algebra D(a, σ) of rank 1 with σ of an infinite order is a Galois order over D in (Frac D) * Z. We extend this result to arbitrary rank Generalized Weyl algebras.
Theorem 5. Let D(a, σ) be a Generalized Weyl algebra, G an abelian group generated by σ 1 , . . . , σ n : y 1 σ 1 + . . . y n σ n := σ 3.1. Birational equivalence. Recall that two domains R 1 and R 2 are birationally equivalent if Frac R 1 ≃ Frac R 2 . The celebrated Gelfand-Kirillov Conjecture compares the skew field of fractions of the universal enveloping algebras of Lie algebras and the skew field of fractions of Weyl algebras. Even though the conjecture is known to be false (cf. [3] , [20] ) it is important to know for which algebras it holds. In this section we consider examples of birational equivalence for Galois orders and use the theory of Galois orders to prove the analogs of the Gelfand-Kirillov Conjecture. For such alternative proof of the Gelfand-Kirillov Conjecture for arbitrary finite W -algebra of type A we refer to [10] , Theorem I.
The simplest case
Proposition 5. The algebras D(a, σ) and D * Z n are birationally equivalent.
Proof. Inverting the image of every element of D(a, σ) in D * Z n clearly permit us to invert every element of the latter.
We use Proposition 5 to prove that the Quantum Gelfand-Kirillov Conjecture for U q (sl 2 ) and for the first and second Witten deformations.
Recall that the quantum plane k q [x, y] over k is defined as k x, y | yx = qxy and the first quantum Weyl algebra A Proposition 6. Let n be a positive integer and (q 1 , . . . , q n ) ∈ (k \ {0, 1})
n . Then the skew fields of fractions of the tensor product of quantum Weyl algebras
and of the tensor product of quantum planes
are isomorphic. Remark. Let D be a finitely generated commutative k-algebra, σ ∈ Aut C D and A = D[x; σ] the Ore extension. Then the localization of A by x is isomorphic to D * Z, where 1 acts as σ. The isomorphism is identity on D and sends x to 1.
The skew field of fractions of the tensor product of quantum Weyl algebras
Assume now that k = C. For U q (sl 2 ) the Quantum Gelfand-Kirillov Conjecture was established in [1]. We reprove it using the Generalized Weyl algebra approach. It is well known that U q (sl 2 ) can be realized as a Generalized Weyl algebra of the following form: C[c, h, h
−1 ](a, σ), where σ fixes c and send h to qh; a = c+(h 2 /(q 2 − 1) − h −2 /(q −2 − 1))/(q − q −1 ). Note that q is arbitrary, q = ±1.
Proof. The skew field of fractions Frac U q (sl 2 ) is isomorphic to the skew field of fractions of C[c, h, h −1 ] * Z by Proposition 5. The latter ring is birationally equivalent
by the remark above. The statement immediately follows. Note that the argument is independent of a.
The Woronowicz deformation, isomorphic to the second Witten deformation, can be realized as a Generalized Weyl algebra D(a, σ), where
s ∈ k, s = 0, ±1, ±i. The Woronowicz deformation is birationally equivalent to D * Z by Proposition 5. If e is a basis of Z, then e(H) = s 4 H, e(Z) = s 2 Z. 
Proof. The first Witten deformation is birationally equivalent to C[C] ⊗ (C[H] * Z)
by Proposition 5. Since C[H] * Z is clearly birationally equivalent to the quantum Weyl algebra with the parameter p 2 , the statement follows.
Linear Galois orders.
For the sake of completeness we recall the concept of a linear Galois order introduced in [8] . Let V be a complex n-dimensional vector space, L ≃ C(t 1 , . . . , t n ) the field of fractions of the symmetric algebra S(V ). Let G be a classical reflection group acting on V by reflections. This action can be extended to the action of G on L and we set K = L G . Suppose G normalizes a fixed subgroup M ⊂ Aut C (L) and Γ is a polynomial subalgebra such that Frac Γ ≃ K.
A Galois order U over Γ in (L * M)
G is called linear Galois order.
. . , t n ; z 1 , . . . z m ), for some integers n, m, and Z n is generated by ε 1 , . . . ε 1 , where 
Invariant subalgebras of differential operators
The ring of differential operators D(A) for a commutative algebra A is defined as
If A is the coordinate ring of an affine variety X we say that D(A) is the algebra of differential operators on X.
Suppose that the group G is acting on A by algebra automorphisms. Then this action extends to the action on D(A) as follows:
We will be especially interested in invariant differential operators on n-dimensional affine space X = A n (D(A) is the Weyl algebra A n ) and on n-dimensional torus
is a certain localization of the Weyl algebra A n ).
4.1. Symmetric and alternating groups. In this section we consider symmetric subalgebras of the Weyl algebras A n . We will assume that n ≥ 2 from now on. The symmetric group S n acts naturally on A n by permuting x 1 , . . . , x n and ∂ 1 , . . . , ∂ n simultaneously. By Theorem 4, A Sn n is finitely generated, say by u 1 , . . . , u k . It also contains the elements u * = x 1 +. . .+x n and u * * = ∂ 1 +. . .+∂ n that we include into a generating set of A Sn n as a k-algebra. Fix an embedding A n → k[t 1 , . . . , t n ] * Z n , t i = ∂ i x i , i = 1, . . . , n. The group Z n is generated by ε i , i = 1, . . . , n such that ε i (t j ) = t j − δ ij . Defining the action of S n on Z n by conjugation, we have an action of S n on k[t 1 , . . . , t n ] * Z n . Taking into account that A Sn n is simple, we obtain an embedding
Moreover, we have Analogous results can be obtained for the invariant subalgebras of Weyl algebras under the alternating group A n . Consider a natural action of A n on the Weyl algebra A n (k) as a subgroup of the symmetric group. If k = C then the invariant subalgebra A n (C)
An is isomorphic to the ring of differential operators on the singular variety A n /A n by [17] , Theorem 5, since A n contains no reflections.
An . We have
An is a Galois order over the Harish-Chandra Γ. Moreover,
An is free as a right (left) Γ-module.
Proof. By Theorem 4 we can choose a finite set u * , u * * , u 1 , . . . , u s of generators of A n (k)
An as k-algebra, since u * and u * * are invariant. Then A n (k) An is a Galois order over Γ by Lemma 1 and Proposition 2. The proof of the last statement is the same as of Corollary 4. m/p = id. The groups G(m, p, n) = A(m, p, n) ⋊ S n , where S n permutes the entries in A(m, p, n), is the family of groups introduced by Shephard and Todd in their study of irreducible non-exceptional complex reflection groups. All these groups are irreducible, except G(1, 1, n), which is the symmetric group in its natural representation, and G(2, 2, 2), which is the Klein group. The order of G(m, p, n) is m n n!/p. Note that G(2, 1, n) is the Weyl group of type B n .
Consider the first Weyl algebra A 1 = A 1 (k) with generators ∂, x. Fix a primitive mth root of unity w and define the action of the generator of G m on A 1 as follows: ∂ → w∂; x → w −1 x. The invariant subalgebra of A 1 under this action, A m 1 = A Gm 1 , is a Generalized Weyl algebra:
More precisely:
m , where t = ∂x, and the isomorphism is given by:
We will generalize this construction for the n-th Weyl algebra. Consider the group G (σ 1 , . . . , σ n ) with σ i (H i ) = H i − 1, and σ i (H j ) = H j , j = i. The isomorphism is given explicitly by:
Note that G ⊗n m acts trivially on the t i 's. Let M be the free abelian group generated by σ 1 , . . . , σ n . We will identify M with Z n . Hence, we have an embedding of A Now we assume that G is of the form G(m, 1, n), m ≥ 1, n ≥ 1. It includes, in particular, the groups B n = G(2, 1, n) and S n = G(1, 1, n). We have
G is a Galois order over an adequate polynomial Harish-Chandra subalgebra Γ. Moreover, A n (k)
G is free as a right (left) Γ-module.
Sn and make S n act by conjugation on Z n . We obtain an embedding of respectively, for some λ i ∈ k(H 1 , . . . , H n ), i = 1, . . . , n, and have supports that generate Z n as a monoid. The rest of the proof is the same as the proof of Corollary 5.
4.3.
Lifting of maximal ideals. One of the important consequences of the Galois order structure is a finiteness lifting of maximal ideals of the commutative subalgebra. Namely, if U is a Galois order over Γ then for any maximal ideal m of Γ there exists finitely many left maximal ideals of U containing m (and hence finitely many isomorphism classes of irreducible U modules with nonzero annihilator of m), see [13] .
Theorem 7 implies the lifting of maximal ideals for the invariant subalgebras of A n with respect to G(m, 1, n), m ≥ 1, n ≥ 1. Though we were not able to show the Galois order structure for all groups G(m, p, n), we will show the lifting of maximal ideals for A n (k)
G for an arbitrary G = G(m, p, n). We start with the following
Proof. Let (a, π) be an arbitrary element in G (m, 1, n) , where a ∈ G ⊗n m , π ∈ S n . If a = (a 1 , . . . , a n ) with a i ∈ G m , i = 1, . . . , n, then define a map f : G(m, 1, n) → G m by sending (a, π) to i a i ∈ G m , which is clearly a homomorphism. Composing f with the canonical projection of G m to G p we obtain an epimorphism from G(m, 1, n) to G p , whose kernel is G (m, p, n) .
In what follows we set G = G(m, p, n) and H = G(m, 1, n). i , and ε i (∂ j ) = ∂ j , ε i (x j ) = x j , i, j = 1, . . . , n, i = j.
The group D n is generated by S n and (Z/2Z) n−1 , where the latter group consists of elements (ε a1 1 , . . . , ε an n ) ∈ (Z/2Z) n , a i = 0, 1, i = 1, . . . , n, such that a 1 + · · · + a n is even. The action of D n onÃ n ≃Ã 1 ⊗n is defined as follows: S n acts by permutations, ε i (∂ i ) = −x 2 i ∂ i , ε i (x i ) = x −1 i and ε i (∂ j ) = ∂ j , ε i (x j ) = x j , i, j = 1, . . . , n, i = j.
Recall thatÃ n ≃ C[t 1 , . . . , t n , σ ±1 1 , . . . , σ
±1
n ] ≃ C[t 1 , . . . , t n ] * Z n , where t i = ∂ i x i , σ i ∈ Aut C C[t 1 , . . . , t n ], σ i (t j ) = t j − δ ij , i, j = 1, . . . , n (cf. [12] , Section 7.3). Also, the generators of (Z/2Z) n act on t i 's as follows: ε i (t i ) = 2 − t i and ε i (t j ) = t j , j = i, i, j = 1, . . . , n.
Then we have We have the following refinement of the theorem above:
Theorem 10. Let U =Ã n W , where W ∈ {S n , B n , D n }. Then U is a Galois order over a Harish-Chandra subalgebra Γ = C[t 1 , . . . , t n ] W . Moreover, U is free as a right (left) Γ-module. . . , n, and, hence, we recover the usual Weyl group actions by reflections. Therefore, Γ is polynomial by the Chevalley-Shephard-Todd. Since U is a Galois ring over Γ by Theorem 9 and Γ is Noetherian, we conclude that U is projective over Γ as right (left) module by Lemma 2. It follows from Proposition 2 that U is a Galois order over the Harish-Chandra algebra Γ. Now applying Lemma 2, Proposition 2 and [4], Corollary 4.5 we obtain that U is free as a right (left) Γ-module.
Proof. Substituting each t i by t

